Pseudo-parity-time symmetry in periodically highfrequency driven systems: perturbative analysis We investigate the periodically modulated two-level systems with balanced gain and loss by means of a multiple-scale asymptotic analysis. The pseudoparity-time symmetry (2013 Phys. Rev. Lett. 110 243902), which is often neglected in exact numerical simulations and totally lost in the commonly used high-frequency averaging approximation, has been fully understood in the framework of the second-order perturbative theory. Our work indicates that the multiple-scale asymptotic expansion method can be used to predict precisely some subtle and important dynamical behaviors in periodically driven systems.
Introduction
Parity-time ( ) symmetry and its physical applications are topics receiving considerable and increasing interest from both the theoretical and the experimental sides [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In physical systems displaying  symmetry, there appears a counterintuitive phenomenon: the systemʼs spectra can be entirely real despite the fact that  Hamiltonians are in general nonHermitian [1, 2] . Associated with this family of pseudo-Hermitian configurations is another intriguing aspect: the possibility of an abruptly spontaneous  -symmetry-breaking phase transition (from a real to a complex spectrum) [1, 2] . Most previous studies focused on the unmodulated  -symmetric systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . However, due to the fact that periodic modulation is an important and effective tool for controlling tunneling dynamics [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , recently increasing attention has been paid to the  symmetry of the periodically modulated systems, such as simply  -symmetric dimeric systems [31] [32] [33] [34] ,  -symmetric kicked rotor models [35] , and  -symmetric tight-binding lattices [36] .
More recently, in its discussion of how to employ biharmonic modulations to manipulate  symmetry, [37] has introduced a novel concept of pseudo-parity-time (pseudo- ) symmetry. At first, it was demonstrated that the effectively unmodulated system derived by the rotating-wave (or high-frequency averaging) approximation method is  symmetric whether the original system is  symmetric or not. However, with a more careful examination of the quasi-energies for non- -symmetric Hamiltonian systems, [37] has found that quasi-energies still have small nonzero imaginary parts although the quasi-energies for the effective systems are completely real. As the  symmetry associated with very small nonzero imaginary quasi-energies in non- -symmetric Hamiltonian systems will lead to a slow growth of time-averaged total intensities, it is called pseudo- symmetry. Obviously, although the rotating-wave approximation is commonly used to study the driven systems in the high-frequency limit [17, 38, 39] , it fails to capture some subtle and important properties such as selective coherent destruction of tunneling [40, 41] , phase-locked states [42, 43] , second-order tunneling [44] , and pseudo- symmetry [37] . In [37] , pseudo- symmetry has been revealed through exact numerical simulations, but an approximate model for the explanation of this key feature is still lacking.
In this paper, we present an analysis of pseudo- symmetry in a more accurate way, by a multiple-scale asymptotic expansion method [41, 43, 44] . Through multiple-scale asymptotic analysis of the underlying equations describing a periodically driven two-level system with balanced gain and loss, which is exact up to the normalized time scale ϵ 1 2 , where ϵ ω = v is the ratio between the coupling strength v and the modulation frequency ω, we analytically predict the phenomenon of pseudo- symmetry reported in [37] on the basis of the numerical (nonperturbative) results. The behavior of the quasi-energy spectrum found in the framework of the second-order perturbative theory is shown to be consistent with the predictions based on the Hamiltonian symmetry.
The model
We consider a periodically driven two-level system with balanced gain and loss, whose dynamics is governed by
Here, ϕ π ∈ [0, 2 ) denotes the relative phase of the two harmonics, ω is the driving frequency, A is the driving amplitude, and f is a dimensionless coefficient. The HamiltonianĤ for system (1) is  symmetric when ϕ = 0 or π. However, for phase differences other than 0 or π, the biharmonic modulation breaks the  symmetry. Since the associated Hamiltonian depends periodically on time, there exists a complete set of solutions to the time-dependent Schrödinger equation (1) 
, where ε is the quasienergy and the amplitudes˜c c ( , )
are periodic with modulation period π ω = T 2 . System (1) can be readily realized in optics by using a periodically modulated optical coupler with balanced gain and loss. Many other methods are possible for realizing such a Hamiltonian experimentally-for instance, stimulating with a condensate in a double-well potential where particles are injected into the condensate in one well while they are removed from the condensate in the other well.
The study of model (1) is of considerable theoretical interest [31] [32] [33] [34] and it holds promise for some possible applications in classical and quantum optics and related areas. Using a simple example of a directional coupler for this model, [37] arrives at an effective system through the rotating-wave approximation method. This illustrates that quasi-energies (eigenvalues of the effective system) may remain real even if the original system is not genuinely  symmetric. However, exact numerical calculations reveal that these 'real' quasi-energies in fact have small imaginary parts, which lead to slow growth of the averaged intensity upon propagation. This phenomenon is called pseudo- symmetry. Obviously, this remarkable feature is missed in the rotating-wave approximation analysis. A more accurate perturbative analysis is therefore needed for the correct study of the dynamical behaviors.
Multiple-time-scale asymptotic analysis
In this section we perform a multiple-scale asymptotic analysis of the model (1) in the highfrequency limit ω γ ≫ v { , }. For the following analysis, we first introduce the following: transformations
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In terms of the new amplitudes a 1,2 , equation (1) takes the form where we have set
with the corresponding complex conjugate ′* v . Note that F(t) can be expanded in the Fourier series according to
n m n m n m where J m the mth-order Bessel function of the first kind.
In the high-frequency regime, ϵ ω = v is a small parameter. Letting ω ′ = t t be the rescaling dimensionless time variable, we rewrite equation (5) as
We transform the independent variable ′ t into multiple-time-scale variables
n n and then replace the time derivatives by the expansion
At the same time, we expand ′ = a t j ( ) ( 1, 2) j as a power series in ϵ:
Substituting equations (10) and (11) into equations (8) and (9), and collecting the terms of the same order, we obtain a hierarchy of approximation equations off different orders in ϵ. At leading order ε 0 , one has
where the amplitudes
are functions of the slow time variables … T T , , 1 2 , but independent of the fast time variable T 0 . At order ϵ, one obtains the coupled equations To avoid the occurrence of secular growing terms in solution a j (1) , the solvability condition must be satisfied, where the overline denotes the time average with respect to the fast time variable T 0 . By means of equation (7), one obtains with the effectively rescaled coupling constants
The amplitudes a j at order ϵ are given by Following the same procedure as has been outlined above, we consider the asymptotic analysis up to the order ϵ 2 : In order to avoid the occurrence of secularly growing terms in solution a j (2) , the following solvability condition must be satisfied: Thus the evolution of the amplitudes A j up to the second-order long time scale is given by
Substituting equation (12), equations (17)- (18) and (25)- (26) into equation (28), we obtain the two sets of coupled equations which correctly describe the dynamics of the original system (1) up to time scale ϵ ′ ∼ t 1 2 . It is noteworthy that, up to order ϵ, namely, for
vanish, so equations (29)- (30) reduce to the rotating-wave approximation results (see equation (6) in [37] ), where the driven system behaves like the undriven one with the coupling strength v replaced by J. Thus the rotating-wave approximation can be seen as the first-order perturbation theory which accurately describes the tunneling dynamics up to time scale ϵ ′ ∼ t 1 . However, the rotating-wave approximation fails to predict the so-called pseudo- symmetry. Therefore, we should push the asymptotic analysis to the next order ϵ Obviously, the above two eigenvalues correspond to the second-order perturbative quasienergies of the original system (1). It can be learned from equation (31) that the values of the quasi-energies (eigenvalues of the effective system) depend on the gain/loss strength γ, the rescaled coupling strength J, and two other terms containing ρ. The rotating-wave (first-order) approximation results for quasi-energies (eigenvalues of the effective system) are
2 . The appearance of the two terms containing ρ in equation (31) is due to the second-order perturbation. It is easy to verify that no real eigenvalue can be found when ρ ≠ Re( ) 0. Clearly, under the condition γ < | | J 2 the very small imaginary quasi-energies associated with the pseudo- symmetry come principally from the contribution of the last term γ ρ ω v i 
This means that the second-order perturbative results remain the same as the rotating-wave approximation results for a  -symmetric system (i.e., for ϕ π = 0, ). Owing to the fact that ρ ≠ Re( ) 0 if ϕ π ≠ 0, , the quasi-energies (eigenvalues) obtained through the second-order perturbation theory can no longer be real if the modulated system (1) is non- symmetric, which is different from the rotating-wave approximation result but consistent with the predictions based on Hamiltonian symmetries. With the second-order perturbative results, we reveal that a non- -symmetric system behaves like one that is almost  symmetric at the first-order time scale and one that is non- symmetric at the second-order longer time scales.
Comparison between numerical and analytical results
To check the accuracy of multiple-time-scale asymptotic analysis, we compare the numerical quasi-energies obtained from the original model (1) and the results from using the analytical formula (31) obtained by second-order perturbative analysis, as shown in figure 1 , which clearly shows a good agreement between the second-order perturbative results (green dash-dotted lines) and the numerical results (black solid lines). From figures 1(a) and (b), it seems that a completely real quasi-energy spectrum occurs if γ < | | J 2 , whether or not the modulated system (1) obeys a  -symmetric Hamiltonian. As expected, if the modulated system (1) obeys a  -symmetric Hamiltonian, there exists a truly real quasi-energy spectrum as indicated in figure 1(c) . However, from figure 1(d), we can see that for non- -symmetric Hamiltonian systems (ϕ π = 2), the entirely real quasi-energy spectrum is in fact a complex quasi-energy spectrum with small nonzero imaginary parts. This is referred to as pseudo- symmetry. This subtle and important feature is missed in the framework of the rotating-wave approximation, but captured by second-order perturbative analysis, as seen in figure 1(d) .
The dynamics of periodically modulated systems is quasi-energy dependent. Stationary evolution of bounded population oscillations appears if all quasi-energies are real. Quasistationary dynamics with a slow growth of the probability will be observed if the quasienergies have small nonzero imaginary parts. In figure 2 , on the basis of a full numerical analysis of equation (1) agreement between the curves is found. In short-time evolution, P oscillates periodically, and it is hard to see the difference between the cases of ϕ = 0 and ϕ π = 2 (see figure 2(c) and (d)). This is the main reason why the pseudo- symmetry is often neglected in the full numerical analysis. In long-time evolution, the time-averaged total probability remains unchanged for a  -symmetric system (ϕ = 0); see figure 2(a). However, as a direct signature of pseudo- symmetry, the quasi-stationary dynamics (slow growth of the timeaveraged total probability) appears for a non- -symmetric system (ϕ π = 2), which can be reproduced in the framework of the second-order perturbative theory as shown in figure 2(b) .
Conclusion
In summary, the periodically modulated two-level systems with balanced gain and loss have been studied analytically and numerically by means of a multiple-scale asymptotic analysis. We push the multiple-scale asymptotic analysis up to the time scale ϵ 1 2 , where ϵ is the ratio between the coupling strength and the modulation frequency, and successfully explain the pseudo- symmetry previously proposed in [37] . With the second-order perturbation theory, we have revealed that a non- -symmetric system can behave like one that is  symmetric (the total probability oscillates periodically) at the first-order time scale, and like one that is non- symmetric (the total probability increases slowly) at the second-order longer time scale. However, 'real'  symmetry means that the total probability oscillates periodically at all time scales. The results may provide an additional possibility for controlling basic properties of optical and other related systems in the presence of or in the absence of  symmetry. It has been shown that the multiple-scale asymptotic analysis can correctly capture some fine and subtle features of the periodically modulated systems.
